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ON ENTROPY OF P -TWISTS
YU-WEI FAN
Abstract. We compute the categorical entropy of autoequivalences
given by P -twists, and show that these autoequivalences satisfy a
Gromov–Yomdin type conjecture.
1. Introduction
For a continuous surjective self-map f : X → X on a compact metric
space X , one can consider the dynamical system given by iteration of the
map f . The complexity of this dynamical system can be measured by the
topological entropy htop(f) . There is a fundamental theorem on topological
entropy due to Gromov and Yomdin.
Theorem 1.1 ([3, 4, 11]). Let X be a compact Ka¨hler manifold and let
f : X → X be a surjective holomorphic map. Then
htop(f) = log ρ(f
∗),
where f∗ : H∗(X;C) → H∗(X;C) is the induced map on the cohomology,
and ρ(f∗) is its spectral radius.
The present paper focuses on the categorical entropy ht(Φ) introduced by
Dimitrov–Haiden–Katzarkov–Kontsevich [1], which is the categorical ana-
logue of topological entropy. Kikuta and Takahashi introduced the following
Gromov–Yomdin type conjecture on categorical entropy.
Conjecture 1.2 ([7]). Let X be a smooth proper variety over C and let
Φ be an autoequivalence on Db(X) . Then
h0(Φ) = log ρ(ΦH∗),
where ΦH∗ : H
∗(X;C) → H∗(X;C) is the induced Fourier–Mukai type
action on the cohomology, and ρ(ΦH∗) is its spectral radius.
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Despite the fact that this conjecture has been disproved recently by the
author [2] and Ouchi [9], it still is an interesting problem to find a character-
ization of autoequivalences satisfying the conjecture. The conjecture holds
true for autoequivalences on smooth projective curves [6], abelian surfaces
[12], and smooth projective varieties with ample (anti)-canonical bundle [7].
Ouchi [9] also showed that spherical twists satisfy the conjecture.
By slightly modifying Ouchi’s proof, we show that Conjecture 1.2 also
holds for P -twists. One can consider P -twists as the categorical analogue
of Dehn twists along Lagrangian complex projective space.
Theorem 1.3. (= Theorem 3.1) Let X be a smooth projective variety
of dimension 2d over C , and let PE be the P
d -twist of a Pd -object E ∈
Db(X) . Then for t ≤ 0 , we have ht(PE ) = −2dt . In particular, Conjecture
1.2 holds for Pd -twists:
h0(PE ) = 0 = log ρ((PE )H∗).
Assume that E⊥ 6= φ , then we have ht(PE) = 0 for t > 0 .
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2. Preliminaries
2.1. Categorical entropy. We recall the notion of categorical entropy in-
troduced by Dimitrov–Haiden–Katzarkov–Kontsevich [1], as well as some
basic properties.
Let D be a triangulated category. The split closure 〈E〉 of an object
E ∈ D is the smallest triangulated subcategory containing E which is
closed under taking direct summands. A split generator G ∈ D is an object
with 〈G〉 = D .
By a result of Orlov [8], for any smooth projective variety X , the derived
category Db(X) has a split generator.
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Definition 2.1 ([1]). Let E and F be non-zero objects in D . If F ∈ 〈E〉 ,
then the complexity of F relative to E is defined to be
δt(E,F ) := inf


k∑
i=1
enit
∣∣∣∣∣∣
0 ∗ . . . ∗ F ⊕ F ′
E[n1] . . . E[nk]
//
⑧⑧
⑧⑧
⑧⑧
__❄
❄
❄
//
⑧⑧
⑧⑧
⑧⑧
__❄
❄
❄

 ,
where t is a real parameter keeping track of the shiftings.
Note that when the category D is Z2 -graded in the sense that [2] ∼= idD ,
only the value at t equals to zero, δ0(E,F ) , will be of any use.
Definition 2.2 ([1]). Let D be a triangulated category with a split generator
G and let Φ : D → D be an autoequivalence. Then the categorical entropy
of Φ is defined to be the function ht(Φ) : R→ [−∞,∞) given by
ht(Φ) := lim
n→∞
1
n
log δt(G,Φ
nG).
It is not hard to show the well-definedness of categorical entropy.
Lemma 2.3 ([1, 7]). The limit limn→∞
1
n
log δt(G,Φ
nG) exists in [−∞,∞)
for every t ∈ R , and is independent of the choice of the split generator G .
Moreover,
ht(Φ) := lim
n→∞
1
n
log δt(G,Φ
nG′)
for any split generators G and G′ .
It is easy to check the following lemma.
Lemma 2.4. (1) δt(G,E ⊕ F ) ≥ δt(G,E) .
(2) For a distinguished triangle A→ B → C → A[1] , we have
δt(G,B) ≤ δt(G,A) + δt(G,C).
2.2. Pd -objects and Pd -twists. We recall the notion of Pd -objects and
P
d -twists introduced by Huybrechts and Thomas [5]. They are the categori-
cal analogue of the symplectomorphisms associated to a Lagrangian complex
projective space [10].
Definition 2.5 ([5]). An object E ∈ Db(X) is called a Pd -object if E ⊗
ωX ∼= E and Hom
∗(E , E) is isomorphic as a graded ring to H∗(Pd,C) .
For a Pd -object E , a generator h ∈ Hom2(E , E) can be viewed as a
morphism h : E [−2]→ E . The image of h under the natural isomorphism
Hom2(E , E) ∼= Hom2(E∨, E∨) will be denoted h∨ .
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Definition 2.6 ([5]). The Pd -twist PE with respect to a P
d -object is an
autoequivalence on Db(X) given by the double cone construction
F 7→ PE(F) := Cone
(
Cone(Hom∗−2(E ,F) ⊗ E → Hom∗(E ,F)⊗ E)→ F
)
,
where the first right arrow is given by h∨ · id− id · h .
The following fact is crucial for computing the categorical entropy of P -
twists in the next section.
Lemma 2.7 ([5]). Let E ∈ Db(X) be a Pd -object. Then
(1) PE(E) ∼= E [−2d] .
(2) PE(F) ∼= F for any F ∈ E
⊥ = {F : Hom∗(E ,F) = 0} .
3. Computation of categorical entropy of P -twists
In this section, we compute the categorical entropy of P -twists.
Theorem 3.1. Let X be a smooth projective variety of dimension 2d over
C , and let PE be the P
d -twist of a Pd -object E ∈ Db(X) . Then for t ≤ 0 ,
we have ht(PE ) = −2dt . In particular, Conjecture 1.2 holds for P
d -twists:
h0(PE ) = 0 = log ρ((PE )H∗).
Assume that E⊥ 6= φ , then we have ht(PE) = 0 for t > 0 .
Proof. Fix a split generator G ∈ Db(X) , and let
A := Cone(Hom∗−2(E , G) ⊗ E → Hom∗(E , G) ⊗ E).
By the definition of Pd -twist, we have a distinguished triangle
G→ PE(G)→ A[1]→ G[1].
And by Lemma 2.7, we have PE(A) = A[−2d] .
By applying Pn−1
E
to the distinguished triangle, we have
δt(G,P
n
E (G)) ≤ δt(G,P
n−1
E
(G)) + δt(G,A[−2d(n − 1) + 1])
= δt(G,P
n−1
E
(G)) + δt(G,A)e
(−2d(n−1)+1)t
≤ · · · (do this inductively)
≤ 1 + δt(G,A)
n−1∑
k=0
e(−2dk+1)t
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For t ≤ 0 , we have δt(G,P
n
E
(G)) ≤ 1 + δt(G,A) · ne
(−2d(n−1)+1)t. Hence
ht(PE ) = lim
n→∞
1
n
log δt(G,P
n
E (G)) ≤ −2dt.
On the other hand, since G ⊕ E is also a split generator of D , we can
apply Lemma 2.3, 2.4, and 2.7 to get
ht(PE) = lim
n→∞
1
n
log δt(G,P
n
E (G⊕ E))
≥ lim
n→∞
1
n
log δt(G,P
n
E (E))
= lim
n→∞
1
n
log δt(G, E [−2nd])
= lim
n→∞
1
n
log δt(G, E)e
−2ndt
= −2dt.
Hence we have ht(PE ) = −2dt for t ≤ 0 .
Note that the induced Fourier–Mukai type action (PE )H∗ is identity on
the cohomology [5]. Thus Conjecture 1.2 holds for the Pd -twist PE :
h0(PE ) = 0 = log ρ((PE )H∗).
For t > 0 , we have δt(G,P
n
E
(G)) ≤ 1 + δt(G,A)(e
t + n − 1). Hence
ht(PE) ≤ 0 . Assume that E
⊥ 6= φ and take B ∈ E⊥ , then we can apply
the same trick on the split generator G⊕B :
ht(PE ) = lim
n→∞
1
n
log δt(G,P
n
E (G⊕B))
≥ lim
n→∞
1
n
log δt(G,P
n
E (B))
= lim
n→∞
1
n
log δt(G,B)
= 0.
This concludes the proof of the theorem.

Remark 3.2. When dim(X) = 2 , a P1 -object E ∈ Db(X) is also a spher-
ical object (S2 ∼= P1 ). For t ≤ 0 , we have ht(PE ) = −2t . On the other
hand, ht(TE ) = −t for the spherical twist TE [9]. This matches with the
fact that T 2
E
∼= PE by Huybrechts and Thomas [5].
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